Introduction
We will consider a smooth closed connected manifold of dimension at least 3. It is remarkable that for r = 1, i.e. for fixed points, the classical (continuous) and smooth Nielsen theories coincide [21] . However, for r > 1 these theories are much different. Namely, if the minimum in (1.1) is taken over continuous homotopies, then the respective number, MF r ( f ), is given by Jiang invariant NF r ( f ) (cf. [17, 20] ). In the smooth case MF diff r ( f ) = NJD r [ f ], the invariant introduced by the authors in [8] . For smooth f , NJD r [ f ] NF r ( f ) and the equality holds only in some exceptional situations [16] .
In the definition of NJD r [ f ] in addition to Reidemeister relations fixed points indices of iterations are involved. There are strong restrictions for local indices of iterations of smooth maps [1] [3] [4] [5] [6] [7] .
The computations of the invariants NF r ( f ) and NJD r [ f ] are in general very challenging tasks, nevertheless NF r ( f ) was found in many particular cases [11] [12] [13] [14] [15] 18, [22] [23] [24] [25] . The determination of the invariants simplifies a little for self-maps of manifolds with simple Reidemeister relations. In [9] we found NJD r [ f ] for all self-maps of 3-dimensional real projective space RP 3 . The recent finding of all forms of local indices of iterations in arbitrary dimension [10] (1) every smooth map g smoothly homotopic to f has at least a r-periodic points, (2) there exists a smooth map g smoothly homotopic to f having at most b r-periodic points.
Invariant
The topological invariant D m r [ f ] was introduced in [5] and is equal to the minimal number of r-periodic points in smooth homotopy class of f , a self-map of a simply-connected manifold: Any sequence of indices of iterations can be written down in the convenient form of integral combination of some basic periodic sequences {reg k (n)} n .
Definition 2.5. For a given k we define the basic sequence:
It turns out that any sequence of indices of iterations (as well as Lefschetz numbers of iterations) can be uniquely represented in the form of periodic expansion (cf. [19] (2.2) where a n =
, μ is the Möbius function, i.e. μ : N → Z is defined by the following three properties:
The coefficients a n in the formula (2.2) must be integers, which was proved by Dold [2] . (2) all possible forms of periodic expansions of local fixed point indices of iterations of a smooth map {ind(g n , x)} ∞ n=1 at a fixed point.
The information necessary in item (2), i.e. the complete list of all DD m (1) sequences, has been recently provided in [10] .
Before we give that list (Theorem 2.9 below), we first introduce some notation. By LCM(H) we mean the least common multiple of all elements in H with the convention that LCM(∅) = 1. We define the set H by:
Next, for natural s we denote by L(s) any set of natural numbers of the form L, where #L = s and 1, 2 / ∈ L. By L 2 (s) we denote any set of natural numbers of the form L, where #L = s
. This is any set of the form L, where L has 2 elements, with 1 / ∈ L and 2 ∈ L. Assume that the (A o ):
Let us mention here that there are similar formulas for the case of even m, see [10] .
Remark 2.10. Theorem 2.9 could be interpreted in the following way: the geometrical condition of smoothness of g leads to some algebraical restrictions for indices of iterations of g. Namely, the form of {ind(g n , x 0 )} ∞ n=1 depends on the derivative of Dg(x 0 ). More precisely, the possible indices k that can appear in basic sequences a k reg k in the periodic expansion of {ind(g n , x 0 )} ∞ n=1 could be expressed in terms of degrees of primitive roots of unity which are contained in the spectrum of Dg(x 0 ) [1] .
Reidemeister graph
In order to obtain the bounds for #Fix( f r ) we will need the notion of the Reidemeister graph GOR( f ; r). Now we recall the scheme of the construction of this graph in general case (see [19] for the details) and then describe the form of
The set of vertices of GOR( f ; r) is, by the definition, the disjoint sum of orbits of Reidemeister classes k|r OR( f k ).
The space RP m for odd m is oriented and thus one may associate with each its self-map f its degree β = deg( f ). Let us remind that the fundamental group π 1 RP m = Z 2 . By R( f n ) we will denote the Reidemeister class of f n . The orbits of
Reidemeister classes depend on the parity of β in the following way [15] : For all n ∈ N: (1) f : M → M is a self-map of a smooth closed connected manifold of dimension 4 and r is a given natural number,
all coefficients a l * in the Reidemeister graph, standing at Reg l * with l dividing r, are nonzero.
The above assumptions are satisfied for self-maps f : RP m → RP m where m > 3 is odd and |β| = |deg f | 3 is also odd.
In that case the items (1) and (2) 
where l and k correspond to the identity element in Z 2 .
The
Definition 3.3. Let us consider the natural number r and the set k|r OR( f k ) = k|r {k , k }. In this set we introduce the partial order " " in the following way: l * k * , where l * ∈ {l , l }, k * ∈ {k , k } if and only if
If l * k * then we say that l * is preceding k * . We use the notation l * ≺ k * if l * k * but l * = k * .
Now we can give the definition of the Reidemeister graph for f , a self-map of a manifold M which satisfies our Standing Assumptions.
Definition 3.4.
Letting r be fixed, the partially ordered set of Reidemeister orbits k|r {k , k } can be perceived as a directed graph (and denoted by GOR ( f ; r) ). There is an edge from vertex l * to k * if and only if l * k * , with the convention that if l * ≺ k * ≺ s * then we omit the edge from l * to s * (understanding that there is the connection between these two vertices through k * ).
NJD r [ f ] for a self-map f of M satisfying Standing Assumptions
In this section we give the definition of NJD r [ f ] for a self-map f of M satisfying our Standing Assumptions 3.2.
Index function
We define an index function by the formula: I(n * ) = ind( f n , n * ). In this way we obtain a function I defined on the set of the vertices of the graph GOR( f ; r).
Let us recall that RP m is a Jiang space for odd m, so both Nielsen classes of the given self-map of RP m have equal indices [20] . As L( f
where β is the degree of the map f . Now we generalize the notion of periodic expansion onto the maps of GOR( f ; r).
Definition 4.1. For each vertex l * , where l * ∈ {l , l }, we define basic integer-valued function on the graph: Function I can be uniquely represented as an integral combination of basic functions Reg l * (so-called generalized periodic expansion) [8] .
Attaching sequences at vertices
Let Γ be one of the sequences (A)-(F ) given in Theorem 2.9. It is represented as a combination of reg's: Γ = d∈O a d reg d . We will say that we attach Γ at the vertex l * if we define the following function Γ l * on the Reidemeister graph: 
Definition of NJD r [ f ]
The index function I can be expressed as a sum of the sequences (A)-(F ) attached at some vertices: Remark 4.5. In [8] we described more general construction of the invariant NJD r [ f ] for any self-map of a closed smooth connected manifold of dimension at least 3. In general case one must take into account that:
• the sequences are attached at the vertices of the Reidemeister graph of f but GOR( f ; r) may be more complex than the one described by relations in Definition 3.3.
• Index function I may take much more complicated form than (4.1).
In any case, the following theorem holds: coincide, since then for each iteration there is a single Nielsen class.
Estimation of NJD m r [ f ] for maps satisfying Standing Assumptions
For the rest of the paper we assume that f is a map satisfying our Standing Assumptions 3. 
We will denote the family of such maps by B. It was proved in [4] that, for a given dimension m, D m r [ f ] mod reg 1 has the common value for all maps f in B. Let P be an odd natural number, we will denote for short this common value of (D m r [ f ] mod reg 1 ) for r = P by h P , assuming that the dimension m 4 is fixed.
Remark 5.4. Let us mention that the algorithm of determining h P was described in [4] and successfully applied for calculating h P in the case P is a product of different odd primes. Namely, let the dimension of the manifold be equal to m (m = 2s or m = 2s + 1) and P be a product of v different odd primes, where v s. We represent v in the form v = k · s + R where R = 1, . . . , s and k ∈ Z. Then The example of GOR(2 s P ) for P = p 3 q, where p and q are primes, is given in Fig. 1 . We are now in a position to formulate the main result of the paper.
Theorem 5.6. Let f be a map satisfying our Standing Assumptions i.e.
(1) f : M → M is a self-map of a smooth closed connected manifold of dimension 4 and r is a given natural number of the form r = 2 P · R, where P is odd, 
Proof. In Fig. 2 
